AP CALCULUS
CURVE SKETCHING—ANALYSIS OF A FUNCTION

These are answers only!
Make sure that when you do these problems you use our normal justifications!

1. Vertical asymptotes: None.
Horizontal asymptotes: None.
Oblique asymptotes: None.

f(z) = =322+ 10z — 3

Critical numbers:
ffave

1
f(x) :Owhenngorﬂc:?y.

Conclusions:
1
f is increasing on <3, 3) .
1
f is decreasing on <oo, 3) U (3, 00).
fh ati . ¢ 14 . 1
as a relative minimum of — atx = —.
27 3
3.

f has a relative maximum of 10 at x =

f"(x) =10 — 6z
Possible inflection points:
f’3aVa
3
f"(z) =0 when z = 5

Conclusions:

. )
f 1S concave up on | —oQ, g .

5
f is concave down on (3, oo> .

5 142
f has an inflection pointat | -, — |.
3727

2. Vertical asymptotes: None.
Horizontal asymptotes: None.
Oblique asymptotes: None.

f/(z) =42 — 122

Critical numbers:
ffave
f'(x)=0whenz =0orz =+3orz=—3.

Conclusions:
f is increasing on (—+/3,0) U (V/3,00) .
[ is decreasing on (—o0, —v/3) U (0, V3).

f has arelative minimum of —9 at x = —v/3and — 9 atx = V3.



f has a relative maximum of 0 at z = 0.

f has an absolute minimum of — 9 at both x = V3 and z = /3.

(z) = 1222 — 12

Possible inflection points:
f’3Iva
f"(x)=0whenz =1orz=—1.

Conclusions:
fis concave up on (—oo,—1) U (1, 00).
f is concave down on (—1,1).

f has inflection points at (—1, —5) and (1, —5).

3. Vertical asymptotes: z = 1.
Horizontal asymptotes: y = 1.
Oblique asymptotes: None.

r) = —
f() (.%‘—1)2

Critical numbers:
f' fatz =1butz =1notin f so it is not a critical number .

f'(x) #0

Conclusions:
f is decreasing on (—o0,1) U (1, 00).

f has no relative extrema.
f has no absolute extrema.

2
1" _
f (l’) - (x _ 1)3
Possible inflection points:
f" % whenz =1
f'(x) #0

Conclusions:
f is concave up on (1, 00).
f is concave down on (—o0, 1).

f has no inflection points .

4. Vertical asymptotes: x = 3 and x = —3
Horizontal asymptotes: y = 0
Oblique asymptotes: None
dy —2x

dr (22— 9)2
Critical numbers:

d—y # when z = 3 or x = —3. (Neither are critical numbers but will be included in our analysis as usual.)
T

& _ 0 when x=0.
dx



Conclusions:

V=g is increasing on (—o0, —3) U (=3, 0).

1
Y= 5 is decreasing on (0, 3) U (3, 00).

2 —

. . 1
y=— has a relative maximum of — 3 atx = 0.

T4 —

d*  6(az2+3)

de? (22 —9)3

Possible inflection points:

d2
déﬂzﬂwhenx:BOrx: -3.
d°y
— 0.
dx? 7
V=2 is concave up on (—o0, —3) U (3, 00).
1 .
Yy = —3 g is concave down on (-3, 3).
y=— has no inflection points.
x4 —9
5. Vertical asymptotes: x = 1 and x = —2

Horizontal asymptotes: y = 0
Oblique asymptotes: None
dy —2z—1

dr — (z—1)2(z+2)2

Critical numbers:
dy

e # when 2 = 1 or x = —2. (Neither are critical numbers but will be included in our analysis as usual.)
x
d 1
% =0 when x=-g
Conclusions:
1
y= CERICED) is increasing on (—oo, —2) U <—2, —2) .
1 1
Yy = m is decreasing on (_2, 1) U (1, OO)
L h lati i f 1 t L
= ———  has arelative maximum of — — atx = ——.
YT @D +2) 9 2

Py 6+ +1)

de?  (x—1)3(z+2)3

Possible inflection points:

d*y
— #Awhenz =1lorz = -2
5’
) # 0.
1 .
y= CEEE) is concave up on (—o0, —2) U (1, 00).
y= m is concave down on (—2,1).
y = m has no inflection points.



6. Vertical asymptotes: x = 1 and x = —1
Horizontal asymptotes: y = —1
Oblique asymptotes: None

) — 4x
g() ($2—1)2

Critical numbers:
g’ H when z =1 or x = —1. (Neither are critical numbers but will be included in our analysis as usual.)
g’(x) = 0 when x=0.

Conclusions:
g is increasing on (0, 1) U (1, 00).
g is decreasing on (—oo, —1) U (—1,0).

g has a relative minimum of 1 at z = 0.

—4(3z% + 1)
g//(m) = W
Possible inflection points:
g" pwhenz =1lorz=—1.

g"(z) # 0.

g is concave up on (—1,1).
g is concave down on (—oo, —1) U (1, 00).
g has no inflection points.

7. Vertical asymptotes: x =0and z = 1 and x = —1
Horizontal asymptotes: y = 0
Oblique asymptotes: None

1 — 322
x?(x? —1)2

Critical numbers:

W(z) =

h' 3 whenz =1orz = —1 or z = 0. (None are critical numbers but will be included in our analysis as usual.)
h’(x) = 0 when x:? or xz—?.

Conclusions:

h is decreasing on (—oo, —1) U [ =1, — V3 ?7 U (1,00)

3
h is increasing on 3 0 0, ?

h has a relative minimum of T atx = 7%
3v3
h has a relative maximum of — T\/ atx = %
6(62* — 322 +1)
h// —
() 23(z% — 1)3
B'#H whenz=1lorz=—1orz=0.
n'(z) #0.
Conclusions:

h is concave up on (—1,0) U (1, 00).
h is concave down on (—oo, —1) U (0, 1).
h has no inflection points.



8. Vertical asymptotes: None
Horizontal asymptotes: None
Oblique asymptotes: None

@7 3x+ 6
dm_Q\/x—i—S

d

i ) # when z = —3

gllx

Y — 0 when z = —2.

dx

Conclusions:

y = xv/x + 3 is increasing on (—2, 00).

y = xv/x + 3 is decreasing on (—3,2).

y = zv/x + 3 has a relative minimum of — 2 at x = —2

d?y 3w +12
dz?  4./(x +3)3

d2

4y # when z = —3.

il

ﬁ = 0 when x = —4.

Conclusions:

y = xv/x + 3 is concave up everywhere in its domain. — (—3,00).

9. Vertical asymptotes: None
Horizontal asymptotes: y = 0 (asx — oo butnone asz — —o0)
Oblique asymptotes: None

@_w—\/ﬂ—kl
dr a2+ 1
dy
—=Z 3V
.
Yy
= #£0
da:?é

There are no critical numbers, therefore no relative extrema.

Conclusions:

d

d—y <0Vx — y=Vz?=1-— 2z isalways decreasing.
x

d?y 1

dz2 (22 +1)3

Conclusions:
a*y

72 >0Vzx — y=+Vx2=1-—zisalways concave up.
x



10. Vertical asymptotes: z = 0
Horizontal asymptotes: None
Oblique asymptotes: None

-1
22y/1 — 22

f'Awhenz=0orz=1orz=—1

f'(x) #0

f'(x) =

Conclusions:
f(z) <0V zin f — fisalways decreasing.

2 — 3z
23/ (1 —22)3

f'(@) =

f"hwhenz=0orz=1lorz=—1
V6
3

6
f"(z) =0 when z = g orr=

Conclusions:

6 6
f is concave up on (—1,—\f> U (0, V6

f is concave down on <—\f,0> U V6 1) .

2 2
f has inflection points at <\/6, ,i and <\/6, \2[> .

11. Vertical asymptotes: None
Horizontal asymptotes: None
Oblique asymptotes: None

d
4 :xseCQertan:c

dx
dy T
& _ Owhenxz =0
dx
Conclusions:

. . s

y = ztan x is decreasing on (—5, 0)
. . s

y = ztanx is increasing on (0, 5)

y = z tan x has a relative minimum of 0 at x = 0.

d2
89 _ 9gec? x(ztanx + 1)

dx?
d?y T
Ge3vre (5 3)
d2y
a2 70

Conclusions:

2sec?z(rtanxr +1) >0V € (—g, g) — y = xtanx is always concave up .



12. Vertical asymptotes: None
Horizontal asymptotes: None
Oblique asymptotes: None

f'(z) = 2cos2x — 2cosx

f 3V e (0,2n)

2 4
f'(x) = 0 when z = Tore=—
3 3
Conclusions:
Fisi . 21 4w
is increasingon | —, — | .
g 373
2 4
f is decreasing on <O, ;) U (;r, 271') .
3vV3 2
f has a relative minimum of — Tf atx = %
3vV3 4
f has a relative maximum of 5 atxr = g

f’(z) = —4sin2z + 2sinx

f"3AVaxe(0,2m)
f"(z) =0 when z = 1.318 or x = 7 or x = 4.965

Conclusions:

f is concave down on (0, 1.318) U (7, 4.965)

f is concave up on (1.318,7) U (4.965, 27)

f has inflection points at (1.318,—1.452) and (7, 0) and (4.965, 1.453)

13. Vertical asymptotes: x=-1
Horizontal asymptotes: y=1
Oblique asymptotes: None

e—1/(@+1)

(x +1)2

¢’ 3 when z = —1. Not a critical number.

g'(x) #0

g'(z) =

Conclusions:
g is increasing on (—o0, —1) U (—1, 00).
g has no relative extrema.

(22 + 1)e~V/(@+1)
(x+1)*

g'(x) = —
g" B when z = —1.
1
g"(x) =0whenxz =0orz = —3
Conclusions:

1
g is concave down on <2, O> U (0, 00).

1
g is concave up on (—oo, —1) U <—1, —2) )

11
g has an inflection pointat | ——, —
2’ e2



14. Vertical asymptotes: None
Horizontal asymptotes: y=1 and y=0
Oblique asymptotes: None

x

by _ &
dr  (e* +1)2
dy
—~ 3V
dxr .
Y

dx

Conclusions:
No critinll numbers so no relative extrema.

y:

e is increasing V x
o

d*y  e*(1—e%)

dz? (e +1)2

% Ve

% =0 when z = 0.

Conclusii)nS:

i pp— is concave up on (—o0, 0).
y=71 +16_I is concave down on (0, 00).



15. Vertical asymptotes: None
Horizontal asymptotes: None
Oblique asymptotes: None

@ 2z
de 1+ x2
dy
= 3V
B,
& 0 when x = 0.
dxr
Conclusions:

y = In(1 + 2?) is increasing on (0, 00).
y = In(1 + 2?) is decreasing on (—o0,0).
y = In(1 + 2?) has a relative minimum of 0 at z = 0.

>y —2(z?-1)

de? (224 1)2
a*y
dz?
ay
dz?

dVax

=0Owhenz=1lorz = —1.

Conclusions:

y = In(1 + 2?) is concave up on (-1, 1).

y = In(1 + 2?) is concave down on (—o0, —1) U (1, o0).

y = In(1 + 22) has inflection points at (—1,In2) and (1,In2).

16. Vertical asymptotes: None
Horizontal asymptotes: None
Oblique asymptotes: None

WEz)=1+Inz

K B when z = 0. .
h'(xr) =0 whenz = —.
e

Conclusions:
h is increasing on (e, 00).
. . 1
h is decreasing on (O, - .
e

. .. 1 1
h has a relative minimum of — — at x = —.
e e

_ 1
o
B’ # when z = 0.

h// (x)

' (z) # 0.

Conclusions:
h is always concave up .
h has no inflection points .



17. Vertical asymptotes: x=0
Horizontal asymptotes: y=0
Oblique asymptotes: None
dy e(xz—1)
dr x2

d
—yﬂwhenx:()
dx

d
& _ 0 when z = 1.
dz
Conclusions:
e .
y = — is increasing on (1, 00).
x
ex
y = — is decreasing on (—o0,0) U (0, 1).
x
x
Yy = € has a relative minimum of e at = = 1.
x

d*y  e®(z? - 21+ 2)
dax? x3

d%y

&y
dx?

£0.

Conch%sions:

e .
y = — is concave up on (0, c0).
pt
y = — is concave down on (—o0, 0).
x
x

e . . .
y = — has no inflection points .
x

10



18. Vertical asymptotes: x=1 and x=-1
Horizontal asymptotes: None
Oblique asymptotes: y=x

/ _ $2(x2 4'3)
f(l’)—m

f'Awhenz=1lorxz=—1.
f'(z)=0whenz =+3orz=—V3orz=0.

Conclusions:

f is increasing on (—oo, _\/§) U (\/3, oo) .

f is decreasing on (—v/3,—1) U (—1,0) U (1,V/3).
33/2

f has a relative maximum of - at z = —/3.

3V3
f has a relative minimum of \Q—f atz = /3.

223 + 6z
26 — 32t +322 -1

f(x) =

f" Awhenz =1orz=—1.
f"(x) =0whenxz =0

Conclusions:

f is concave up on (—1,0) U (1, 00)

f is concave down on (—oo, —1) U (0, 1)
f has an inflection point at (0, 0)

11



)
19. Vertical asymptotes: x=-§

Horizontal asymptotes: None
1

5
Oblique asymptotes: y=§x—1

sy 2z(x+5)
fl(z) = m

5
f' Hwhenz = —3
f'(z) =0whenz=0ora=-5.

Conclusions:
f is increasing on (—oo0, —5) U (0, 00).

5 5
f is decreasing on (—5, —2) U <_2’0> )

f has a relative maximum of — 5 at z = —5.

f has a relative minimum of 0 at x = 0.

50

f'(z) = m

5
" #when z = —5
() # 0.
Conclusions:

. )
f is concave up on —5®

5
f is concave down on (—oo7 — 2)

f has no inflection points .

12



20. Vertical asymptotes: None
Horizontal asymptotes: None
Oblique asymptotes: None

fl(z) = 5 —cosw

ffaAvaee(0,3n).
5T

f’(x):()whenx:gora::—orx:—.

3

Conclusions:

f is increasing on <7T 57r> u (h

373 3

3

f is decreasing on (—oo, z) U <57T ﬁ

. .. s
f has a relative minimum of
f has a relative minimum of

f has a relative maximum of

f’(z) =sinz

f"3AV e (0,3m).
f"(z) =0whenz =7 or z = 27.

Conclusions:
f is concave up on (0, 7) U (27, 37)

f is concave down on (7, 27)

f has an inflection point at (27, 7).

33
—3V3
— Al

T — 33
e 7

51+ 3v/3
— atx

13



