AP CALCULUS
CONCAVITY AND POINTS OF INFLECTION

1. f'(z) =322 -1

Critical numbers:
frava.

f'(z)=0when32? —1=0 — x=

S
=

orr = ———.

Second Derivative Test:

3 2v3 3
Fad ({) = —2V/3 <0 — fis concave down — f has a relative maximum of Tf atr = f%.
3 2v3 3
i ({) =2v/3 >0 — fisconcaveup — f has a relative minimum of — T\[ atz = g
2. f'(x) =622+ 10z — 4
Critical numbers:
fave.
1
f'(r) =0when 622 +10x —4=0 — z=—2o0rx = 3
Second derivative test:
f"(=2) = —14 < 0 — f is concave down — f has a relative maximum of 12 at z = —2.

19 1
=14 >0 — f isconcave up — f has a relative minimum of — o7 atx = 3

Q| =

"(5)

3. fl(z) =322 -1
f(z) =6z

Possible inflection points:
ff3ave
f"(x) =0 whenz =0

Analysis:

f"(z) <0on (—o00,0) — f isconcave down on (—o0,0).

f"(z) > 0on (0,00) — fisconcave up on (0,00).

Since f”(x) > 0 on (0,00) and f”(z) < 0 on (—o0,0) and f(0) = 0, f has an inflection point at (0, 0).

4, f'(r) = 42® — 122
f(x) = 1222 — 12

Possible inflection points:
fava
f"(z) =0when 122> —12=0 — z=1lorx = —1.

Analysis:
Since f”(z) > 0 on (—oo, —1) U (1,00) — f is concave up on (—oo, —1) U (1, c0).
Since f”(x) < 0on (—1,1) — f isconcave downon (—1,1).

Since f”(x) > 0 on (—oo,—1) and f”(x) < 0on (—1,1) and f(—1) = —5, f has an inflection point at (—1, —5).
Since f”(z) < 0on (—1,1) and f”(z) > 0 on (1,00) and f(1) = —5, f has an inflection point at (1, —5).



5. f'(z) = 15z — 1522
1" (z) = 6023 — 30x

Possible inflection points:
f"3ava
f"(z) = 0 when 6023 — 30z =0 — x =0o0rx =.707 or x = —.707.

Analysis:
Since f”(x) > 0 on (—.707,0) U (.707,00) — f is concave up on (—.707,0) U (.707, 00).
Since f”(z) < 0 on (—oo0, —.707) U (0,.707) — f is concave down on (—oo, —.707) U (0,.707).

Since f”(z) < 0 on (—o0, —.707) and f”(z) > 0 on (—.707,0) and f(—.707) = 4.237,
/ has an inflection point at (—.707,4.237).

Since f”(x) > 0 on (—.707,0) and f”(z) < 0 on (0,.707) and f(0) = 3,

f has an inflection point at (0, 3).

Since f”(x) < 0 on (0,.707) and f”(x) > 0 on (.707,00) and f(.707) = 1.763,

f has an inflection point at (.707,1.763).

222 +1
6. Pl(z) = ———
@) = ===
2 3
P(z) = z° + 3z
(2 41)3
Possible inflection points:
P"3IvVz

P"(x) =0when 2z +3x=0 — 2=0
Analysis:
Since P”(x) > 0 on (0,00) — P is concave up on (0, 00).

Since P”(xz) < 0 on (—00,0) — P is concave down on (—o0,0).

Since P’ (z) < 0 on (—o0,0) and P”(x) > 0 on (0, 00) and P(0) = 0, P has an inflection point at (0, 0).

ron z+1
7. f (x) - $2/3($+3)1/3
-2
1 —
F'@) = 55+ 337

Possible inflection points:
"3 when 2%/3(z +3)4/3=0 - 2 =0o0rz=—3
1" () never zero

Analysis:
Since f”(z) > 0 on (—o0, —3) U (—3,0) — f is concave up on (—oo, —3) U (—3,0).

Since f”(x) < 0on (0,00) — f is concave down on (0, c0)

Since f”(x) > 0 on (—3,0) and f”(z) < 0 on (0,00) and f(0) = 0, f has an inflection point at (0, 0).



8. h/(0) = 2sinf cosb
h"(0) = 4cos® 6 — 2

Possible inflection points:
K'(6) 3V x € [0,2n]

"Gy — A L L S
h(@)—Owhen9—4or0— 1 orf = 1 orf = 1
Analysis:

3 5w T

Since A" (0) > 0 on (O, %) U 2

71 )Y\ g 9\ 7)Y\

3 5m 7
Since h”'(6) < 0 on (Z, 31) U (5:, Zr) — h is concave down on (Z, I) U <I, I) .
. . . w1
, h has an inflection point at <4, 2>.

1 1
3) and A" (6) > 0 on (37r, 57r> and h (T) =3 h has an inflection point at <37r 2).

3r 5 7
,27r> — h is concave up on (O,I>U T oom U T

Since h”'() < 0 on

4’
5t Tm 57 1 5t 1
” 5m Tm omy _ 1 . . . Sm 1
) and A" (6) < 0 on (4, 4) and h 4> 2,hhasanmﬂectlonpomtat 1 ,2>.
™ T
4’

Since h''() > 0 on <37r
Since () < 0 on (

i 7 1 T 1
om 7w " T my_ 1 . . . 1
1 4) and A" (6) > 0 on (4 ,277) andh(4> 2,hhasanmﬂectlonpomtat ( 2).

d

9. Y 423 622+ 122
g
d=y 2

Possible inflection points:
Ty 5y,
dg?
d?y
— =0 when z = .618 or z = —1.618
dx?
Analysis:
d2
Since d—z < 0on (—o00,—1.618)U(.618,00) — 3y = 6x* —22° —2? is concave down on (—oco, —1.618)U(.618, 00).
z
d2
Since d—g > 0on (—1.618,.618) — y = 622 — 22> — x* is concave up on (—1.618,.618).
x

2 2
Since d—g < 0on (—o0, —1.618) and d—g > 0 on (—1.618,.618) and y(—1.618) = 17.326,
X X

y = 62 — 223 — 2% has an inflection point at (—1.618, 17.326)

since 2¥ > 0 on (—1.618,.618) and Y on (.618,00) and y(.618) = 1.674
mce dz? . - a2 . ) Y\ =L )

y = 62% — 22> — 2* has an inflection point at (.618, 1.674)



10.

11.

12.

@7 11—z

dr  (z+1)3

d?y  2(z—2)

de?  (z+1)%
Possible inflection points:
@y A when

— # whenz = —

d§v2

d

thg =0whenz =2
Analysis:

d?y T
Since —2 < 0 on (—oo, ~1)U(=1,2) = y= ——
ince d§2 on (—oo, —1) U ( ) y i+
d
Since chg >0on (2,00); = y= ﬁ is concave up on (2, 00).

5 is concave down on (—o0, —1) U (=1, 2).

2 2

d d 2 2
Since d—;; < 0on (—1,2) and Tsjé > 0on (2,00) and y(2) = gv= ﬁ has an inflection point at (2, 9) .
d
% =e"(x+1)
d2
& =<t

— dVux

d2
d—ﬁszhe:nxz—?

Analysis:
. dy .
Since pre O0on (—2,00) — y = xe” is concave up on (—2, 00).
x
2

Since d—z < 0on (—o00,—2) — y=ze” is concave down on (—o0, —2).
x

Si d2y>0 (—2,00) dd2y<0 ( 2) dy(-2) 2 *h inflecti int at 2 2

ince —= on (—2,00) and —= on (—oo, —2), an —2) = ——,y = ze” has an inflection point at | —2, — —
de b d$2 ) ) y 62,y p b 62
2—Inz

!

€T =

f =7

—8+3Inx
4/ x5

Possible inflection points:
f'Awhenz =0
f"(r) =0when —8+3lnz=0 — x =3

f(x) =

Analysis:
Since f”(x) > 0 on (¢8/3 00) — f is concave up on (e%/3, c0).

Since f”(x) < 0 on (0,e%3) — f is concave down on (0, e*/3).

Since f”(2) < 0 on (0,e%/3) and f”(x) > 0 on (e%/3,00), and f(e*/?) = 3 i/g’f has an inflection point at (68/3, 3 i/g)
e e



13. Your sketch should look similar to this one:
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14. Your sketch should look similar to this one:

&

TN\

v

\

15. Your sketch should look similar to this one:

&

~:

1

¥



16. Your sketch should look similar to this one:
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17. Your sketch should look similar to this one:
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